The theory of glucose-responsive composite membranes for the planar diffusion and reaction process is extended to a microsphere membrane. The theoretical model of glucose oxidation and hydrogen peroxide production in the chitosan-aliginate microsphere has been discussed in this manuscript for the first time. We have successfully reported an analytical derived methodology utilizing homotopy perturbation to perform the numerical simulation. The influence and sensitive analysis of various parameters on the concentrations of gluconic acid and hydrogen peroxide are also discussed. The theoretical results enable to predict and optimize the performance of enzyme kinetics.
Nomenclature

C g
Concentration of glucose (mol/cm 3 
Introduction
Chemically reactive molecules which contain oxygen are defined as reactive oxygen species (ROS). Szatrowski et al. [1] discussed the production of large amount of hydrogen peroxide by human tumor cells. Superoxide, singlet oxygen, peroxides and hydroxyl radical are some examples of ROS. Over the past years the involvement of cancer with cellular oxidant stress and ROS has dramatically increased. This could be attributed to the high levels of ROS produced by cancer cells compared to normal cells in which different enzyme mechanisms form ROS. Different mathematical models have been suggested over the years in order to investigate the effect of enzymatic reaction with simultaneous diffusion. Abdekhodaie et al. [2] reported a mathematical model to describe a dynamic process of diffusion of reactants, coupled with an enzymatic reaction inside a glucose composite membrane. Albin et al. [3] demonstrated a theoretical and experimental model of glucose-sensitive membrane. Rajendran and Bieniasz [4] analyzed the theoretical model of reaction and diffusion process in glucose-responsive composite membranes.
Recently, Abdekhodaie et al. [5] derived the mathematical equation to describe the kinetics of enzymes and the generation of hydrogen peroxide from polymeric matrix with spherical geometry. However, to the best of our knowledge, no general analytical expressions for the concentrations of glucose, oxygen, gluconic acid and hydrogen peroxide for all values of reaction/diffusion parameters have been previously derived. The purpose of the present study was to derive a simple approximate analytical expression for profile concentrations of various species inside the glucose oxidase in chitosan-coated alginate-calcium microspheres (GOX-MS) with steady-state conditions. Furthermore, this model can be used to predict the system performance as well as determining the appropriate combination of material and geometries.
Mathematical formulation of the problem
Building upon earlier study, Abdekhodaie et al. [5] presented a concise discussion and derivation of the mass transport nonlinear second-order differential equations which gives the concentration profiles of each species within the microsphere membrane. In this section this is summarized briefly below. Figure 1 illustrates the production of hydrogen peroxide as well as the glucose structure loaded in chitosan-alignate microsphere [5, 6] . The reaction of glucose oxidation to produce the gluconic acid and hydrogen peroxide in polymeric microspheres can be written using Eq. (1) as follows:
Using mass conservation law by neglecting convection, the nonlinear reaction-diffusion equation in spherical coordinate is given by Eq. (2), as follows:
where i denotes individual species, e.g. i = g for glucose, i = OX for oxygen, i = a for gluconic acid and i = h for hydrogen peroxide. v i denotes the stoichiometric coefficients; C i is the concentration, D i is the diffusion coefficient and r is the length parameter. The overall reaction rate ℜ is given by Eq. (3) [7] [8] [9] :
For steady-state condition Eq. (2) becomes: where S is radius of the microsphere, r = 0 is the center of the microsphere and C * OX and C * g are the concentrations of oxygen and glucose in the external solution, respectively. Using the following dimensionless variables Equations (4)- (7) can be written in the following dimensionless form:
Here u, v, w and H are the dimensionless concentrations of glucose, oxygen, gluconic acid and hydrogen peroxide
respectively, and g and are the corresponding Thiele modulus. and are the dimensionless rate constants. The corresponding boundary conditions [Eqs. (8) , (9)] becomes:
Approximate analytical expression for the concentration of glucose, oxygen, gluconic acid and hydrogen peroxide using HPM
Nonlinear partial differential equations have been employed to model different problems encountered in engineering and natural sciences disciplines. Over the years, nonlinear science, in particular, analytical techniques for nonlinear science, has attracted a great attention from physicists and engineers. However, like other nonlinear analytical techniques, the existing perturbation methods have their own limitations [10, 11] . These facts have motivated to suggest alternative techniques, such as variational iteration [12, 13] as well as Adomain decomposition [14] [15] [16] [17] , exp function [18] method and homotopy perturbation method (HPM). Lately, Rajendran and Anitha [19] solved nonlinear problem in amperometric enzyme electrodes using a new approach of homotopy perturbation method. More recently, Zhen-Jiang et al. [20] employed the homotopy perturbation method and Laplace transformation to find the exact solutions of some non-linear PDE. This method is very easy to implement due to the flexibility associated in choosing its initial approximation. Adamu and Ogenyi [21] successfully solved duffing oscillator problem using a new modification of the homotopy parameter. This new technique is proved to be powerful and efficient. The basic principle of this method is described in ESM Appendix A. We have obtained the analytical expressions of the concentrations of glucose, oxygen, gluconic acid and hydrogen peroxide by solving the nonlinear Eqs. (12)- (15) using the new approach of homotopy perturbation method [22, 23] as follows (ESM Appendix B and C):
Equations (18)- (21) represent the new analytical expression of concentration of glucose, oxygen, gluconic acid and hydrogen peroxide. Detailed derivations of the dimensionless concentration of glucose, oxygen, gluconic acid and hydrogen peroxide are described in Appendix B, C.
Numerical simulation
The nonlinear reaction diffusion is given by Eqs. (12)- (15) for the corresponding boundary conditions. [Eq. (15) Relation between the concentration of glucose, oxygen, gluconic acid and hydrogen peroxide Equation (22) represents the relation between glucose, oxygen, gluconic acid and hydrogen peroxide concentration for all values of kinetics parameters
where k = v g g ∕( + 1 + ). 
Determination flux of hydrogen peroxide
The flux of hydrogen peroxide from the surface is defined by Fick's first law:
Using Eqs. (21) and (23) 
Determination of pH profile inside the microspheres
The pH in the presence of gluconic acid is determined by the concentration of buffer ions and gluconic acid in the microsphere.
Using the Eq. (20), we obtain the pH in the presence of gluconic acid as follows:
Results and discussion
Equations (18)- (21) represent the new approximate analytical expression for the concentrations of glucose, oxygen, gluconic acid and hydrogen peroxide for all the parameter values. From Fig. 2a and b , it is observed that the concentrations of glucose and oxygen are depleted at the center of the 
Influence of radius of microsphere over the concentration of glucose (u)
The radius of chitosan alginate microsphere plays a crucial role as the dynamic process involving diffusion of reactants and product is coupled with an enzymatic reaction inside the microsphere. The concentration of glucose depends on the permeability of reactants and products through the membrane. From Fig. 3 it is inferred that when the Thiele modulus g or which depends on the radius of microsphere or enzyme concentration is increased, the concentration of glucose (u) decreases. The thicker the radius of microsphere, the lower the concentration of glucose. The concentration of glucose drops towards to 0 when the value of parameter k ⩾ 100 and < 0.1.
Influence of the maximal reaction velocity (V max ) on the concentration of oxygen(v)
Increasing the substrate (glucose) concentration indefinitely does not increase the rate of an enzyme-catalyzed reaction beyond a certain point. In order to achieve that particular point, there is need to be enough substrate molecules to completely fill (saturate) the enzyme's active sites. How quickly the enzyme is catalyzed by the reaction is indicated by V max .
In this enzymatic reaction diffusion process, the maximal reaction velocity V max is proportional to the concentration of the enzyme in the microsphere and the overall kinetics are determined by the maximal reaction rate. From Figs. 2, 3 and 4, it is clear that as the reaction diffusion parameters g or OX increase, or the concentration of a , h decreases gradually; it becomes zero for higher values of the reaction velocity.
Influence of concentration of glucose in the external solution over the concentration of gluconic acid (w)
The concentration of gluconic acid and hydrogen peroxide is determined by the concentration of glucose, the permeability of reactants through the membrane and the enzymatic reaction rate. From Figs. 5 and 6, it is evident that the concentration of gluconic acid and hydrogen peroxide keeps increasing by decreasing the Thiele modulus ( g ) which depends on the initial concentration of glucose C g * . Fig. 7 it is observed that the glucose concentration in the external solution increases the hydrogen peroxide release rate. This is due to an internal pH decrease and less hydrogen peroxide permeability.
The dimensionless parameter k depends upon Thiele moduli and Michaelis constants. Thiele modules are directly proportional to maximum reaction rate and radius of the microsphere, whereas it is inversely proportional to diffusion coefficients and concentration of glucose and oxygen in the external solution. Influence of parameter k on the concentration of glucose, oxygen, gluconic acid and hydrogen peroxide at the center of the microsphere From the Eqs. (18-21) we can obtain the concentration of glucose, oxygen, gluconic acid and hydrogen peroxide which is given in the Table 5 . Figure 9 contains plots of glucose, oxygen, gluconic acid and hydrogen peroxide versus dimensionless parameter k. From Figs. 9 and 10 is inferred that the concentration of glucose and oxygen decreases as the parameter k increases. In addition, the concentration of gluconic acid and hydrogen peroxide also increases when the parameter k increases. This is due to an increment in the constant balance between diffusional supply and enzymatic consumption of oxygen and glucose. 
Differential sensitivity analysis of parameters
Model parameters exerting the most influence on model results are identified through a differential sensitivity analysis [24] . Sensitivity analysis of the parameters is given in Fig. 9a-d in the supplementary material. From the analysis it is inferred that the reaction and diffusion parameters , have more impact in the concentrations of glucose, oxygen and gluconic acid when it is varied. In contrast the parameter g , accounts for only small changes in the concentrations of glucose, oxygen and gluconic acid. 
Conclusions
A mathematical model of glucose oxidase-loaded microsphere has been successfully discussed. The model illustrated the H 2 O 2 kinetics production from the GOX-loaded spherical polymeric matrix. A system of nonlinear reaction diffusion equations for steady-state conditions depicted in this model has been solved analytically. From the obtained analytical results, glucose, gluconic and oxygen values for diffusivity and concentrations have been effectively forecasted. The accuracy of the presented methodology was commendably demonstrated by comparing the analytical with the numerical results. The influence of various parameters (glucose concentration in the external solution, particle size, enzyme loading, Michaelis constant, etc) on the concentration of gluconic acid and hydrogen peroxide release has been efficiently discussed. Furthermore, this theoretical model can be successfully applied to optimize the performance of hydrogen peroxide delivery systems as well as to obtain the parameters required for improving the design of the system. 
